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The elastic scattering of twisted electrons by diatomic molecules is studied within the framework
of the non–relativistic first Born approximation. In this process, the coherent interaction of incident
electrons with two molecular centers may cause interference patterns in the angular distributions of
outgoing particles. We investigate how this Young–type interference is influenced by the complex in-
ternal structure of twisted beams. In particular, we show that the corkscrew–like phase front and the
inhomogeneous intensity profile of the incident beam can strongly modify the angular distribution of
electrons, scattered off a single well–localized molecule. For the collision with a macroscopic target,
composed of randomly distributed but aligned molecules, the angular–differential cross section may
reveal valuable information about the transverse and longitudinal momenta of twisted states. In
order to illustrate the difference between the scattering of twisted and plane–wave beams for both,
single–molecule and macroscopic–target scenarios, detailed calculations have been performed for a
H2 target.
PACS numbers: 34.80.-i, 34.80.Bm
I. INTRODUCTION
Only a decade after their theoretical prediction by
Bliokh and co–workers [1] and experimental realization
in electron microscopes [2–4] twisted (or vortex) elec-
tron beams are now in the focus of intense research.
These beams posses a helical phase front eimϕ with ϕ
being the azimuthal angle about their propagation axis
and m the projection of the orbital angular momentum
(OAM) upon this axis. In contrast to usual plane–wave
states, for which m = 0, the OAM projection of twisted
electrons can be as high as ~m = 1000~ [5]. Such a
rather huge magnetic moment µ ∝ mµB , where µB is
the Bohr magneton, results from such an enormous m
and makes vortex beams particularly suitable for probing
magnetic properties of materials at nano–scale [6–8]. The
OAM–induced moment µ also allows to significantly en-
hance and explore magnetic phenomena in electron–light
coupling [9–11]. Moreover, a non–zero orbital angular
momentum projection m, carried by vortex beams, can
significantly influence fundamental atomic collision pro-
cesses. In particular, a large number of studies have been
recently reported on OAM–effects in elastic scattering of
vortex electrons by atomic and ionic targets [12–16]. It
was argued that the angular distribution and polariza-
tion of scattered electrons can be sensitive to kinematic
parameters and projection of angular momentum m of
the incident beam.
In contrast to elastic collisions with atoms, much less
attention has been paid so far to the scattering of twisted
electrons by molecules. Electron–molecule scattering can
provide, however, even deeper insight into the properties
of OAM beams than atomic studies since for a molec-
ular target the incident vortex electron interacts coher-
ently with two (or more) atomic centers that are spa-
tially slightly displaced from each other. These centers
act similar to the optical slits in the well–known Young’s
diffraction experiment, leading to an interference pattern
in the angular distribution of outgoing electrons. This
Young–type interference is expected to be very sensitive
to the complex internal structure of OAM beams. In par-
ticular, non–homogeneous phase and intensity profiles of
twisted electron states can be probed by scattering off
molecular targets.
In this paper, we study theoretically the elastic scatter-
ing of twisted electrons by molecules. Special attention is
paid to the question of how the (well–known) Young–type
interference pattern in the angular distribution of out-
going electrons is influenced by the properties of OAM
beams. To elucidate the main features of this OAM–
dependence we employ the non–relativistic first Born ap-
proximation. This approach has been frequently applied
and will be briefly recalled in Sec. II A for the scattering
of plane–wave electrons by atomic and molecular targets.
For the latter case we restrict ourselves to the simplest
case of diatomic molecules whose structure is described
by the independent atom model. We make use of this
model to investigate the scattering of twisted electrons,
as well. The wave function of these electrons, prepared
in the Bessel state, is employed in Sec. II B to derive
the (first Born) scattering amplitude. With the help of
this “twisted” amplitude we then derive the angular dis-
tribution of the outgoing electrons. Two scenarios are
considered for our angle–resolved studies in which the
Bessel beam collides with either (i) a single well–localized
molecule or (ii) a macroscopic ensemble of randomly dis-
tributed molecules. Detailed calculations are performed
for both scenarios and the H2 target, and are discussed in
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2Sec. IV. In particular, we show that the strength and po-
sition of interference minima and maxima in the angular
distribution of electrons, scattered off a single molecule,
may reflect both the phase and intensity structure of the
incident twisted beam. For the macroscopic molecular
target, the angular–differential scattering cross section
depends on the (ratio of) transverse and longitudinal lin-
ear momenta of the twisted electrons. We finally sum-
marize these results in Sec. V.
Hartree atomic units (~ = e = me = 1) are used
throughout the paper unless stated otherwise.
II. THEORETICAL BACKGROUND
A. Scattering of plane–wave electrons
Not much has to be said about the potential scatter-
ing of plane–wave electrons by a single atom. Within
the non–relativistic Born approximation, the theoretical
analysis of this scattering is traced back to the amplitude
f
(pl)
1 (k,k
′) = − 1
2pi
∫
ei(k−k
′)r V (r) dr . (1)
Here, k and k′ are the momenta of the incident and out-
going electrons and V (r) is the potential that describes
an electron–atom interaction. In the theory of atomic
collisions V (r) is often expressed in terms of one or sev-
eral Yukawa potentials
V (r) = −Z
r
A e−rd , (2)
that approximate the Coulomb field of the nucleus,
screened by the target electrons. By inserting the po-
tential (2) into Eq. (1) one obtains the well–known ex-
pression for the Yukawa scattering amplitude:
f
(pl)
1 (k,k
′) =
2ZA
d2 + q2
, (3)
where q = k−k′ is the momentum transfer, whose square
is given by q2 = 4k2 sin2 (θ/2). Here we made use of
the fact that in elastic scattering both, the initial and
final electron momenta have the same absolute value, i.e.
k = |k| = |k′|, and cos θ = (kk′) / (kk′). We can use
the amplitude (3) to obtain the angle–differential cross
section:
dσ
(pl)
1
dΩ
=
∣∣∣f (pl)1 (k,k′)∣∣∣2
=
4Z2A2(
d2 + 4k2 sin2 (θ/2)
)2 . (4)
for a Yukawa potential (2).
The Born approximation can also be used to describe—
at least approximately—the electron scattering by not
only atomic but also molecular targets. For collisions
between electrons and a neutral diatomic molecule, the
essential features of the scattering process can be un-
derstood within the so–called independent atom model
[17, 18]. Within this model, the net scattering amplitude
f
(pl)
2 (k,k
′) = − 1
2pi
∫
ei(k−k
′)r V (r) dr
− 1
2pi
∫
ei(k−k
′)r V (r +R) dr
= f
(pl)
1 (k,k
′)
(
1 + e−iqR
)
(5)
is expressed as a sum of amplitudes from two independent
molecular centers, whose displacement with respect to
each other is decribed by the vector R. After some simple
algebra one find, based on this expression, the angle–
differential cross section:
dσ
(pl)
2
dΩ
=
∣∣∣f (pl)2 (k,k′)∣∣∣2
= 4 cos2 (qR/2)
dσ
(pl)
1
dΩ
. (6)
Here, dσ
(pl)
1 /dΩ is the single–center cross section (4) and
the cosine squared term arises due to the interference be-
tween the electron waves emerging from both scattering
centers.
B. Scattering of twisted electrons electrons
1. Monochromatic Bessel electrons
After having recalled the basic expressions for the po-
tential scattering of plane–wave electrons, we are ready
to consider the case of an incident twisted beam. In or-
der to start with this case we first need to agree on how
to describe twisted electrons. In the present work we
will assume that electrons are prepared in a state with
well–defined energy ε, longitudinal momentum kz, and
projection m of the orbital angular momentum onto the
quantization (z–) axis. These so–called Bessel solutions
of the field–free Schro¨dinger equation are described by
the wave function
ψ(tw)κm (r) =
∫
d2k⊥
(2pi)
2 aκm(k⊥) e
ikr , (7)
with the amplitude
aκm(k⊥) = (−i)m 1√
2piκ
eimϕk δ (|k⊥| − κ) , (8)
and where the absolute value of the transverse momen-
tum is fixed to κ =
√
2ε− k2z . A seen from these ex-
pressions, the Bessel electron state can be understood as
a coherent superposition of the plane waves eikr, whose
wave vectors
k = (k⊥, kz) = (κ cosϕk,κ sinϕk, kz) (9)
3lay on the surface of a cone with the opening angle
tan θk = κ/kz. During the recent years Bessel beams
of electrons have been discussed in a number of theoret-
ical works [7, 15, 19]. We refer to these publications for
all further details about the properties of Bessel electron
states.
2. Scattering amplitudes
By making use of the Bessel electron wavefunction
ψ
(tw)
κm (r) we can evaluate now the corresponding scat-
tering amplitude. Similar to the plane–wave case we
start our analysis with the potential scattering by a sin-
gle atom. Within the Born approximation the amplitude
reads:
f
(tw)
1 (κ, kz,k
′)
= − 1
2pi
∫
e−ik
′r V (r + b)ψ(tw)κm (r) dr , (10)
where the incident electron wavefunction ψ
(tw)
κm (r) is
given by Eq. (7) while the final state is described by a
plane wave eik
′r, again. Thus, we assume that the out-
going electrons are observed by conventional plane–wave
detectors that are sensitive to their wave–vector k′ only.
In Eq. (10), moreover, we introduced the impact pa-
rameter b = (bx, by, 0) = (b cosϕb, b sinϕb, 0) in order to
specify the lateral position of an atom within the incident
electron wave–front. This parameter is essential since in
contrast to a plane–wave, Bessel beams have a much more
complex internal structure. In particular, their intensity
distribution in the plane transverse to the propagation
direction, is not uniform but consists of concentric rings
of high and low intensity. The direction of the local linear
momentum also varies significantly within the wavefront.
One therefore expects that the properties of the scattered
electrons strongly depend on the position b of an atom
with respect to the Bessel beam axis.
By inserting the incident wavefunction (7) into Eq. (10)
we can express the “twisted” scattering amplitude in
terms of the corresponding plane–wave amplitude:
f
(tw)
1 (κ, kz,k
′)
= − 1
2pi
∫
d2k⊥
(2pi)
2 aκm(k⊥)
∫
dr eiqr V (r + b)
=
∫
d2k⊥
(2pi)
2 aκm(k⊥) e
−iqb f (pl)1 (k,k
′) . (11)
The integration over the absolute value of the transverse
momentum k⊥ = |k⊥| can be easily carried out by em-
ploying the explicit form of the amplitude aκm(k⊥):
f
(tw)
1 (κ, kz,k
′) =
(−i)m
2pi
√
κ
2pi
eik
′b
z
R
b
𝒌′
𝜃′
x
𝑘𝑧
y
FIG. 1: (Color online) The geometry of the potential scatter-
ing of twisted electrons by a diatomic molecule. The beam
propagation direction is chosen as the z–axis. Together with
the molecular internuclear vector R this axis defines the xz–
plane. The intensity distribution of Bessel electrons in the
xy–plane, normal to the propagation direction, has a con-
centric ring structure with a central dark spot at the impact
parameter b = 0. Finally, the scattered electrons are detected
in the plane of molecule (xz–plane).
×
∫
dϕk
2pi
eimϕk−ik⊥b f (pl)1 (k,k
′) , (12)
where k⊥b = κb cos (ϕk − ϕb) and the incident electron
wave–vector in the plane–wave amplitude is given by
Eq. (9). Further evaluation of the f
(tw)
1 (κ, kz,k′) requires
the knowledge about the explicit form of the scattering
potential V (r) and, hence, the plane–wave amplitude (1).
For example, the integral in Eq. (12) has to be calculated
numerically if Yukawa potential (2) is used to describe
the electron–atom interaction [13, 15].
The theory of potential scattering of Bessel electrons
can be easily generalized towards diatomic molecular tar-
gets. Similar to the plane–wave case we employ the inde-
pendent atom model and write the scattering amplitude
as:
f
(tw)
2 (κ, kz,k
′) =
= − 1
2pi
∫
e−ik
′r V (r + b+R/2)ψ(tw)κm (r) dr
− 1
2pi
∫
e−ik
′r V (r + b−R/2)ψ(tw)κm (r) dr .(13)
Here, R is the internuclear vector and b is the position
of the molecular center with respect to the central axis
of the incident beam, see Fig. 1. Again, by using the ex-
plicit form of the wave–function ψ
(tw)
κm (r) we can further
evauate the expression (13) as:
f
(tw)
2 (κ, kz,k
′) =
= 2
∫
d2k⊥
(2pi)
2 aκm(k⊥) e
−iqb cos (qR/2) f (pl)1 (k,k
′)
=
(−i)m
pi
√
κ
2pi
eik
′b
4×
∫
dϕk
2pi
eimϕk−ik⊥b cos (qR/2) f (pl)1 (k,k
′) , (14)
where the plane–wave scattering amplitude f
(pl)
1 (k,kf ) is
given by Eq. (3) and the integration over the azimuthal
angle ϕk is performed numerically.
3. Angular distribution of scattered electrons
Since the scattering amplitude (14) explicitly depends
on the impact parameter b and the internuclear vector
R, we need first to discuss the composition and local-
ization of the molecular target. In our present study we
will discuss two scenarious in which the target consists
of (i) a single molecule located at a well–defined position
in the incident beam, and (ii) molecules, randomly dis-
tributed over the entire volume. The angular distribution
of scattered electrons for the first case can be written as:
W
(tw)
2 (ϑ
′, ϕ′; b,m) = N
∣∣∣f (tw)2 (κ, kz,k′)∣∣∣2 , (15)
where the amplitude f
(tw)
2 (κ, kz,k′) is given by Eq. (14)
and the prefactor N is defined by the normalization con-
dition
∫
dΩ′
∣∣W (tw)(ϑ′, ϕ′; b,m)∣∣2 = 1. Moreover, in this
expression ϑ′ and ϕ′, are the polar and azimuthal angles
of the scattered electron wave–vector k′. In the calcula-
tions below we will assume that the outgoing electrons
are detected in the xz–plane, spanned by the beam axis
and the internuclear vector R of the molecule. For this
choice of geometry the azimuthal angle is ϕ′ = 0.
While the scattering of twisted electrons by a single
molecule might be used to obtain detailed information
about the properties of Bessel beams, this scenario can
hardly be realized in current experiments. Therefore, we
will consider yet another case in which Bessel electrons
collide with a macroscopic molecular target. This target
can be described as an ensemble of aligned molecules that
are randomly and uniformly distributed over the trans-
verse extent of the incident beam. The angle–differential
cross section for such a target,
dσ
(tw)
2
dΩ′
(ϑ′, ϕ′) =
1
cos θk
∫ ∣∣∣f (tw)2 (κ, kz,k′)∣∣∣2 d2b
=
4
cos θk
∫
dϕk
2pi
cos2 (qR/2)
∣∣∣f (pl)1 (k,k′)∣∣∣2 ,(16)
can be obtained upon averaging the square of the tran-
sition amplitude (14) over the impact parameters b.
The pre–factor, moreover, has been derived by normal-
izing the result by the number of incident electrons, see
Refs. [13, 14] for further details. As seen from the sec-
ond line of Eq. (16), the angle–differential cross section
dσ
(tw)
2 /dΩ
′ for a macroscopic target depends neither on
the projection m of the orbital angular momentum nor
on the spatial structure of an incident phase front. It
is still sensitive, however, to the ratio of the transverse
to the longitudinal momenta of electrons as described by
the opening angle θk.
III. COMPUTATIONAL DETAILS
For the analysis of the effects introduced by twisted
electron beams instead of plane waves we choose molecu-
lar hydrogen H2 as a relatively simple test target. We de-
scribe this molecule as two independent hydrogen atoms,
displaced from each other by the dirtance R. In our cal-
culations, R = 1.401 a.u. is the most probable internu-
clear distance and the electrostatic potential of (individ-
ual) hydrogen atoms is approximated by a sum of two
Yukawa potentials:
VH(r) = −e
2
r
∑
i=1,2
Aie
−rdi , (17)
where the parameters Ai and di are determined by a
fit to the results of Dirac–Hartree–Fock–Slater (DHFS)
self–consistent calculations [20, 21]. In this approxima-
tion, the single–center plane–wave amplitude f
(pl)
1 (k,k
′)
is expressed analytically by a sum of Yukawa terms (3).
Upon inserting this amplitude into Eqs. (14) and (16)
the integration over the azimuthal angle ϕk is performed
numerically by means of Gauss–Legendre quadrature.
IV. RESULTS AND DISCUSSION
A. Scattering by a well–localized H2 molecule
We mentioned already above that the analysis of the
potential scattering of twisted electrons by diatomic
molecules requires the knoweledge about the composi-
tion of the target. In Section II B 3 we have discussed
two cases in which the Bessel beam collides with either
(i) a single molecule, or (ii) a macroscopic molecular tar-
get. Even though the second scenario is much more fea-
sible with current experimental techniques, we discuss
the scattering of electrons by a (single) well–localized
molecule first. This single–scatterer scenario will allow
us to better understand the properties of twisted elec-
trons and the details of their interaction with diatomic
targets. As seen from Eq. (15), the angular distribution
of outgoing electrons depends in this case both, on the
OAM projection m of the beam and on the impact pa-
rameter b of the molecule. In Fig. 2, for example, we
display the scattering patterns for a H2 molecule, ori-
ented perpendicular to the incident beam axis, R ⊥ z,
and whose center of mass is placed at this axis, b = 0.
Calculations have been performed for two opening angles
of the incident Bessel electrons, θk = 3 deg (top panel)
and θk = 15 deg (bottom panel), and for three projec-
tions of their orbital momentum, m = 0 (red dotted line),
m = 1 (green dash–dotted line) and m = 2 (blue dashed
line). The angular distributions W
(tw)
2 (ϑ
′, ϕ′; b,m) are
also compared here with those for plane–wave (black solid
line). As seen from the figure, the scattering of plane–
wave and Bessel electrons with zero OAM projection and
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FIG. 2: (Color online) The angular distribution of electrons
scattered by a single H2 molecule. Calculations have been per-
formed for an incident Bessel beam with kinetic energy 1 keV,
opening angles θk = 3 deg (top panel) and θk = 15 deg (bot-
tom panel), and OAM projections m = 0 (red dotted line), m
= 1 (green dash–dotted line), and m = 2 (blue dashed line).
Moreover, the target molecule is oriented perpendicular to
the beam axis and its center of mass is placed at this axis.
The results of the calculations are compared with the pre-
diction obtained for an incident plane–wave electrons (solid
black curve).
small opening angle, θk = 3 deg, yield almost identical
angular distributions. This result is well expected since
the Bessel electron wave function (7) recovers, for m = 0
and θk → 0, the standard solution for a plane wave that
propagates along the z axis, see Ref. [13] for further de-
tails.
For non–zero values of m the scattering pattern of
twisted electrons may differ from the plane–wave pre-
dictions even for very small opening angles. For ex-
ample, as seen in the top panel of Fig. 2, the posi-
tions of maxima and minima of the angular distribution
W
(tw)
2 (ϑ
′, 0; b = 0,m = 1) for m = 1 are almost inverted
compared to the plane–wave case. In order to explain
this behaviour we shall recall again that the oscillations
in the angle–differential cross sections arise from the in-
terference between electrons scattered by two molecular
centers. In classical wave mechanics this interference can
be understood based on the analysis of the phase shift ∆φ
between the electron waves. For the plane–wave incident
electrons, for example, the well known expression
∆φ(pl) = k′R sin θ′ (18)
is trivially derived from the path length difference ∆r =
R sin θ′ between two waves travelling at the angle θ′ with
respect to the z–axis. Here we assumed that these waves
are originated from two point–like scatterers, located at
the distance R from each other, and where the internu-
clear vector R is normal to the beam direction. With
the help of the phase difference (18) one can easily es-
timate the oscillatory behaviour of the electron angular
distribution:
W
(pl)
2 (θ
′) ∝
∣∣∣eik′r + eik′r+i∆φ(pl) ∣∣∣2
= 4 cos2
(
k′R sin θ′
2
)
. (19)
This is exactly the interference term from Eq. (6) for
z ⊥ R and a plane wave travelling in z direction. In this
case we have qR/2 = −k′R/2 = −k′R sin θ′.
In contrast to a plane–wave, twisted electrons already
carry by themselves an additional phase shift at molec-
ular centers. This shift arises from the helical structure
of the Bessel phase front. That is, the wave–function (7)
of incident twisted electrons can be written—upon the
integration over the transverse momentum k⊥—as:
ψ(tw)κm (r) =
eimϕr√
2pi
√
κ eikzz Jm (κr⊥) , (20)
where Jm is the Bessel function and ϕr is the azimuthal
angle of the position vector r. As seen from this expres-
sion, the phase of the incident twisted electrons at the
positions of the two scatterers, +R/2 and −R/2, differs
by mpi. This phase shift should be added to the standard
term k′R sin θ′ that arises from the difference of paths of
outgoing electrons:
∆φ(tw) = pim+ k′R sin θ′ . (21)
This expression, derived again for point–like scatterers,
allows for a qualitative understanding of the oscillatory
behaviour of the angular distribution (15) of scattered
electrons:
W
(tw)
2 (ϑ
′, 0; 0,m) ∝ 4 cos2
(
k′R sin θ′
2
+
pim
2
)
,(22)
for the case of an incident Bessel beam.
By comparing Eqs. (19) and (22) we see that the phase
of the interference pattern for a Bessel beam with odd
OAM projections is shifted by pi/2 with respect to that
of plane–wave electrons. This leads to the inversion of
maxima and minima in the electron emission spectra as
displayed in Fig. 2. In contrast, the angular distribu-
tion of scattered electrons from incident Bessel beams
with even m should resemble the plane–wave result (6).
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FIG. 3: (Color online) The same as Fig. 2 but for the H2
molecule located in such a way that one of its nuclei lays on
the beam axis.
Our calculations for m = 2 (blue dashed line) con-
firm this prediction for large angles θ′ but indicate that
W
(tw)
2 (θ
′, 0; 0,m = 2) and W (pl)2 might differ for small
θ′’s. This discrepancy between Bessel and plane–wave
calculations can be easily understood by the fact that
forward scattering involves a small momentum transfer.
In this case an incident electron interacts mainly not with
(rather small) nucleus but with valence target electrons.
The molecular centers can not be treated as point–like
scatterers and, hence, the approximate expression (22) is
not valid anymore.
Until now we have discussed the scattering of twisted
electrons by a single H2 molecule whose center of mass
is placed at the beam axis, b = 0. We have seen that
this geometry allows one to explore the phase structure of
the Bessel beam. In order to probe its intensity pattern,
one needs to shift the molecule in such a way that one
atomic center is placed at the beam axis and the other
one at r = R, respectively. Similar to before we will
assume here that the internuclear vector is normal to the
incident beam direction, R ⊥ z. For these position and
orientation of the molecule its atomic centers are exposed
to a different intensity of the incident electrons,
ρ(tw)κm (r) =
∣∣∣ψ(tw)κm (r)∣∣∣2 = κ(2pi) J2m(κr⊥) , (23)
and, hence, the scattering can be understood as a molec-
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FIG. 4: (Color online) The transverse intensity (23) of the
Bessel electron beam with the energy 1 keV, opening angles
θk = 3 deg (top panel) and 15 deg (bottom panel), and OAM
projectionsm= 0 (red dotted line), m= 1 (green dash–dotted
line) and m = 2 (blue dashed line). For comparison, we also
display the size of the H2 molecule.
ular analogue of Young’s experiment with two slits of
unequal widths.
In Fig. 3 we display the angular distribution (15) for
the case when one of molecular centers is located at the
beam axis. Again, calculations have been performed
for Bessel electrons with energy 1 keV, opening angles
θk = 3 deg and 15 deg, and OAM projections m = 0, 1
and 2. As seen from the figure, the interference pattern
in the angular distribution W
(tw)
2 is very sensitive to the
orbital momentum projection m. For the opening angle
θk = 3 deg, for example, the oscillations in W
(tw)
2 are
very pronounced for the scattering of twisted electrons
with the OAM projection m = 0, while they disappear
almost entirely if m = 1 and 2. This OAM–behaviour
is caused by the inhomogenious intensity distribution of
the Bessel beam. As seen from Eq. (23) and Fig. (4), the
intensity ρ
(tw)
κm (r) of incident electrons, as “seen” at both
atomic centers of the molecule, is approximately the same
for m = 0, thus leading to the pronounced interference
picture. For m = 1 and 2, in contrast, one of the nuclei
is located in the dark spot on the beam axis and, hence,
the interference pattern in the W
(tw)
2 almost disappears
like in the single–scatterer case.
The oscillatory behaviour of the angular distribution of
scattered electrons may change significantly also with the
variation of the opening angle θk. For instance, for θk =
15 deg the W
(tw)
2 is rather monotonic for m = 0 while, in
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FIG. 5: (Color online) Angle–differential cross section for the
elastic scattering of electrons by a macroscopic hydrogenic
target. Calculations have been performed for the incident
electron energy 100 eV (top panel) and 1 keV (bottom panel)
as well as for the alignment of H2 molecules parallel (left col-
umn) and perpendicular (right column) to the beam axis.
Predictions obtained for the Bessel beam with the opening
angles θk = 7 deg (blue dashed line), 15 deg (green dash–
dotted–line) and 30 deg (red dotted line) are compared with
the plane–wave results (black solid line).
contrast, strongly oscillates for m = 1, see bottom panel
Fig. 3. Again, this can be explained by the fact that the
intensity of the incident beam ρ
(tw)
κm (r) at the positions
of molecular centers, varies significantly with the θk and
m.
B. Scattering by the macroscopic target
In the previous section we have discussed the scattering
of Bessel electrons by a well–localized H2 molecule. In a
more realistic experimental scenario the twisted electron
beam collides with a macroscopic molecular target. We
can describe such a target as an incoherent ensemble of
aligned molecules that are randomly and homogeneously
distributed over the cross sectional area of the electron
beam. The scattering cross section (16), derived for this
macroscopic case, is independent on the OAM projec-
tion but still sensitive to the kinematic parameters of
the twisted beam as given by the opening angle θk. In
Fig. 5 we display the dσ
(tw)
2 /dΩ
′ for three opening angles,
θk = 7 deg, 15 deg and 30 deg, and compare our results
with predictions for plane wave electrons (6). Calcula-
tions have been performed for kinetic electron energies
100 eV and 1 keV and for molecules aligned either par-
allel or perpendicular to the beam axis.
Fig. 5 shows that the angle–differential cross section
(6) exhibits a qualitatively different behaviour if the
molecular axis is oriented in parallel and perpendicular
to beam axis. If these molecules are aligned along the
incident beam direction (R ‖ z), dσ(tw)2 /dΩ′ strongly os-
cillates as a function of scattering angle. The oscillatory
pattern resembles very much that from the plane–wave
electrons (black solid line) and is just shifted towards
larger θ′’s. This shift of the angular distribution increases
with the opening angle θk; similar effect was previously
predicted for the scattering of Bessel electrons by atomic
targets [13, 16]. It can be explained based on the stan-
dard representation of the Bessel state as a coherent sum
of plane waves lying on a momentum cone surface with
the opening angle θk. Since each plane–wave compo-
nents eikr approaches the molecule not along the z–axis
but under the angle θk 6= 0 with respect to it, the min-
ima and maxima of the angular distribution of scattered
electrons are shifted by the angle ∆θ′ ≈ θk, as seen in
the left panels of Fig. 5.
The oscillations in the differential cross section
dσ
(tw)
2 /dΩ
′, clearly seen for the parallel (to the z–axis)
alignment of molecules, are remarkably blurred if the H2
dimers are oriented perpendicular to the incident beam;
right column of Fig. 5. To explain this behaviour we
recall that the characteristic size of the high– and low–
intensity rings in the incident electron intensity (23) is
proportional to r⊥ ∝ 1/κ = 1/ (k sin θk). For rela-
tively large opening angles, θk & 5 deg, and energies
in the range from 100 eV to 1 keV this ring–like inten-
sity varies over a spatial extent comparable to the size
of the molecule, R = 1.401 a.u. Thus, if the molecules
are aligned perpendicular to the beam direction their
nuclei are often exposed to a different intensity of in-
cident electron beam. As for a well–localized molecule,
this leads to the decrease of the interference pattern, cf.
Section IV A. Similar effect was also reported recently for
the photoionization of diatomic molecular ions by twisted
light [22]. In contrast, for the parallel orientation both
molecular centers always experience the same intensity of
incident electrons and, hence, the oscillatory behaviour
of the angle–differential cross section is well pronounced.
V. SUMMARY AND OUTLOOK
In summary, we have presented a theoretical analysis
of the elastic scattering of Bessel electrons by diatomic
molecules. Special attention has been paid to the oscil-
latory behaviour of the angle–differential cross section,
which arises from the interference due to the coherent
interaction of electron with two atomic centers. In or-
der to understand how this Young–type interference is
influenced by the “twistedness” of the incident electron
beam we have employed the independent atomic model
to describe the molecule and the first Born approxima-
tion to evaluate the scattering amplitude. Within the
framework of our theoretical model two scenarios have
been discussed in which the twisted beam interacts either
with (i) a single molecule or (ii) a macroscopic molecu-
lar target. In both cases detailed calculations have been
performed for the hydrogen H2 molecule.
8The scenario in which twisted electrons scatter off a
single molecule, even though being rather academic, al-
lows one to better understand the properties of Bessel
beams. For example, if the center of mass of the molecule
is located at the beam axis the angular distribution of
scattered electrons is very sensitive to the phase struc-
ture of the beam. The Young type minima and maxima
in the electron scattering pattern are remarkably shifted
due to the phase variation in Bessel beams with differ-
ent OAM projection m. If, in contrast, not the molec-
ular center but one of the nuclei is located at the beam
axis the angular distribution reflects the inhomogeneous
intensity profile of the Bessel state. A variation of m
can then either enhance or lower the interference of am-
plitudes from the (two) molecular centers, depending of
whether they experience a similar or different intensity
of incident electrons.
For a macroscopic molecular target, in contrast, the
angle–differential cross section is independent on the
OAM projection m. However, the angle–differential cross
section is very sensitive to the beam opening angle θk and
the orientation of the molecules. For the molecules be-
ing aligned along the beam axis the angular distribution
of scattered electrons exhibits an oscillatory behaviour
very similar to that observed for the plane–wave elec-
trons. The effect of the “twistedness” here is a shift of the
minimum and maximum positions which becomes more
pronounced as the opening θk increases. If the molecules
are oriented perpendicular to the beam axis, the oscil-
latory behaviour is suppressed for all θk which is again
explained by the inhomogeneous probability profile of the
Bessel beam.
As seen from the results of the present study, the in-
terference pattern in the angular distribution of scattered
electrons can be very sensitive to both the OAM projec-
tion of the incident beam and to the geometry of the tar-
get. We expect that such a sensitivity may be present for
the collisions of twisted electrons by complex molecules,
as well. Of special interest here is the scattering off chiral
molecules whose analysis is currently underway and will
be presented in a separate paper.
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